Fourier Analysis of Discrete-Time
Signals

1-Fourier series for discrete-time periodic signals
2-Discrete-Time Fourier Transform for aperiodic signals

* Discrete-time signals processing
* Fourier analysis

* Fast Fourier Transform algorithm

The response of discrete-time linear
invariant systems to the complex
exponential with unitary magnitude

™ H(Q,)

el Qon H(Q)

Eigenfunction for Eigenvalue
any discrete time LTI

H (Q)=k§h[k]-e‘19k




* proof

y[n]: h[n]* elQon _ OZO: h[k].ejgo(n—k) — el

k=—c0

Notation: H(Q)= i h[k]-e"'Qk

k=—x

y[n]=el" . H(Qy)=|H (QO)|.ei[Qo“+<D(Qo)]

linear combination of discrete-time complex exponentials with unitary
magnitudes, different frequencies

= response of the discrete-time LTI system - linear combination of
partial responses, H(Q2,) ®,[n]:

ZakH (Q )"

jn
;akej —JH©)




Fourier series for discrete-time
periodic signals

X[n] is periodic of period N if

X[n+N]=x[n], for any integer n.
In a period N values {X[0], X[1], X[N-1]}.
X[0]= X[N], XIN+1]=x[1] ...
XINT= X[(My]

(N)y- Nin the class of quotient (remainder) modulo N.
For n<0, the quotient (n), positive.

The space of periodic discrete-time signals of period Nis N
dimensional => N-dimensional basis. Orthogonal basis

jkEn 21
®fn]=e N JkeN,0<k<N-1 Q=7

i.e. it’s orthogonal and complete:

N, k=I

(@[] [n]>:{o, k1

unique decomposition C,.

N-l
[n]= ¥ celkn,
k=0




Proof

* Orthogonality

(@[] ] = ! gk g-itogn _ ! (e (k)62 )n _
n=0 n=0
- 1_ej(k—| JN 1k l_ej(k—l L2n

B l—ej(k_l)QO B 1_ej(k_|)QO

For k=I:

N-T : N-1
<d)k[n],®k[n]> = Z ejk‘QOn .e_]kQOn — Zl =N.
n=0 n=0

For k=1 :

l#k 1 _ ej(k—l )27‘5

<®k[n],(1)| [n]> = WZO.

N, k=l

2
0, 1] @il | =N ?o.N-1)

2

<<Dk[n],<p.[nb={




Completeness.

Any discrete-time periodic signal has the form:

N-1
X[n]: Z Ckejkgon’
k=0
with unique coefficients ¢,. With the notations:
¢, =120 and K = eIKN
the last relation becomes for n=0, n=1,...,n=N-1
2 N-1
[ x[0]=co + o + 203 +..ot cy 1)
2 N-1 .
x[1] =g+ c1y + €207 +...+ oy 191 -linear system of
2 N-1
X[2] =Cp+ Cl¢2 + Cz(l)z +...t CN—1¢2 -N equations and

-N unknowns ¢, ,
Ciseevs Cpoge

2 N-1
|¥[N =1]=co+ by _1+c20xy 1+ T ey 108 1

The determinant of the eq.:

1 dg 65 - 00
14y of - o7

1 ¢, (IJ% ¢]2V_1 Vandermonde
A= =

(61 —00)(02— 00 )..-(dn_1— 0 (b2 — 1 )-.(dn_1 —bn_2).

Representing the N discrete-time complex exponential with unitary
magnitude in the complex plane, the following figure is obtained.
10




It can be seen that:
V(k, | )for k=1 ¢ —d; #0,so the determinant is not zero, A # 0,
and the system of equations has unique solution.

So, the considered set of complex exponentials is also complete.
Being orthogonal and complete it is a basis.

The decomposition of the periodic discrete-time signal X[n] in the
considered basis = decomposition in Fourier series:

- !!!definiti
6 = <X[n],¢k[n]> _1 N 1X[n]-e_jm0”- definition

| o], " |

x| (o

The sequence of coefficients is also periodic with same period.

Cn =G> 0SK<SN-1.




. 27 o
1 N-1 —J(k+N n 1 N-1 _kFn
Cen =— 2 Xn-e N"=—'% xnje N gl
N no N 2,
—j2mn 1 N-1 _jkzjn
Bute /<" zlandck+N:—Zx[n].e N =¢,0<k<N-1.
N n=o
13
Examples
1. The signal x[n]:sin(z_“ nj
N
Euler’s relation :
i2m 2m L2m ) 2
Sin(z_nnJ =L.eJWn —L_e_JWn zi_ejﬁn _L'e—l(N—lmn.
Identification :
G = L
2) 7 2§




Spectral diagrams, N=6

Absolute values spectral diagram

el el b lol=kl eyl
| 1= 4 . c 1 s "3 fen 1 ‘1 s
& & & & & & & & & & & & &
? LA S ¢ | AR B S N ¢ | SRR S A *
-6 2 0 1 Fustperiod 3l 6 12 k
ar —|are el T
ﬂl_Q(,_ =|arg (,:.' arg (45 =—2 arg (7117 arg Co
¥ | Phage spectral diagram  § ¥ i
& . & & & | & & & & | & & & &
T T T b T T T T bl T T bl T
G 2 0 1 5 12 k
argc =arg ¢ arge;=—"1 ag co=argly
gc =arg o) g64=-3 7 = A8
15

(2= 27 4n T
2. x[n] = 1+sm[ynj+4cos(yn]+ COS[F’H_E]

Euler’s relation :

R I (Y e S L B O e

x[n]=1+—e N ——e¢ N 4+2¢ N +2¢ N 4

identification:

1 J . J .
CO=1,'C‘1=2+2—j,02=E,CN72=—E,CN71=2——_.




3. Periodic signal, period N.

011 O 1 R 19

= —I'-.E- ] I'-.E M M
definition:
) N jkzﬂn 1 jk2nN 2N, jkzﬂ .
) I L
Cp =— e N ——e N Y e N | ;0<k<N-1
Nn.:—Nl N n=0
For k=0:
2N +1
cg=——
N
17
kil
1 jkz—“NIZNl —jkz—i‘I
cg=—e ¥ Yle N | ;0<k<N-1

the sum of a geometric series
For 1<k<N-1:

27 2N + 1

lsin[kN > } 1sin[(2N1+l)2}

kTN 2n N Q
. . Q=k—
sink —— sm[} N




truncation of the Fourier series of a discrete-time signal,
an approximation of this signal.

sbetter for higher number of terms.

«all N terms no error.

sexample 3, N=9 and 2N;+1 =5 . Fourier coefficients :
c, = 0,556,
C, =C;=0,32,
¢, =¢,=-0,059,
Cc;=¢,=-0,111, and
¢, = C;=0,073. 19

The truncated signal with 2M+1 terms from its Fourier series:
M - jkEn
Xpg [n] = > ce °

ForM=1,2,3 and 4 :

2
x1[1] =0,556+ 0,64 cos —n,
9
2 4
% [n] = 0,556+ 0,64cos —n—0,118cos—n ,
2 9 B
2 4 6
x3]n|=0,556+0,64cos — n—0,118cos - n—0,222cos - n,
9 9 9

2 4 6 8
x4 [1]= 0,556+ 0,64cos - n—0,118cos - n—0,222c0s — n+0,146cos — .
! 9 E 9 9

20
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Properties of Discrete-Time Fourier

Series

1. Linearity

X[n] and y[n] periodic with same period

Fourier coefficients ¢Xand ¢Y

ax[n]+by[n] - same period.

x[n]e{c‘,’:} ;y[n]e{cg} = ax[n]+by[n]9{ac;+bcg}

Homework: Prove it.

22
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2. Time Shifting

L
x[n-m)<>ie " NV cf

Dual operations: time shifting «» modulation in frequency
(multiplication with a complex exponential).

The absolute value of the Fourier coefficients is not affected by
time shifting.

23

3. Complex conjugation

*

x[n]eC c,{ = (cfk)

Dual operations: complex conjugation in time <> reversal
and complex conjugation in frequency domain.

24

12



4. Time Reversal

x[-n] <> {cfk}

Dual operations: time reversal «» reversal in frequency.

Reversal is auto-dual.

25

5. Time scale modification

Different than in continuous-time domain (the scale factor can’t
be any real number).

One way :

X _ 1 <

m

x[n/m] :if mim

x(m)[”]={ 0.

3

in rest

signal X[n] periodic - period N, => signal X, [N] periodic N'=mN.
Proof.

[n+N']= x[(n+N')fm]; if n+N'im N':w x[n/m+N]; i n5m=
o 0. "

3 3

={x[n/m]; if nim}=x(m)[n].

in rest in rest

0; in rest 2%

13



time dilation / interpolation : insert m-1 zeros between two
consecutive samples of X[N]

x{m)[n]={x[n/m]; T I .

0; in rest

The period of X,[N] is N'=mN, mtimes higher than the period of
the signal X [n]

The fundamental frequency of the new signal - mtimes smaller.

Dual operations : discrete-time dilation <> frequency
compression with the same scale factor.

27

The second way for the scale modification of a discrete-time
signal is a time compression with information loss :

x™ [n]= x[mn] l m

28

14



6. Signal’s modulation

dual operation of shifting.

el
&V aln] o {ei }

product of signal with the complex exponential = signal modulation.

29

7. Signals’ product

x[n]-y[n] o Bl

circular (or periodic)
convolution of discrete-time
periodic sequences, see next
slide.

30

15



8. Circular convolution of signals

- dual operation of k],

multiplication u.s} I [ [ [ I [ [ [ [ I [

X[n] and y[n] periodic with y[fkff sooelllloges il leoes

period N, Fourier QIE} HW H I H

coefficients ¢ *and Y i@{kiwﬁﬂﬂ r.:eﬁg ’ ?ET”H [

0.5

z|n]=x[n]® y|n| = Tt S sS S
= o 0. 0L T

— Z x[k]y[(n—k)NJ Ao via] 3-e soeite gee e L
lllte Jetllty oty

x[n]@y[n] < {Nc;cg}.
The signal Z[n] is also periodic with period N.

z[n+N]:z[n].

31

9. Discrete-time Differentiation

defined by the first order difference of the signal x[n] -
difference between signal and its delayed version with 1.

If the original signal is periodic than its first order difference is
also periodic with same period.

x|n|-x[n-1]e {[le_jk"c:lci}.

Homework: Prove it.

32

16



10. Addition in time domain

The sum of samples of X [n] with period N, with no DC
component ( ¢g = 0) has the same period :

= 3 xlml o
m}w 1—e_J¥
f n+N n
Proo VneN]= S ml= X o]

sum of the samples over one period
1 N-1 .
X ==Y xn]-e~ kN,
N n=o
N-1 n+N

D x[n]=0= > x[m]=0

1
N n=0 m=n+1

For k=0:

X_
G =
33

R

y[n]= 2 x[m]

m=—aw

yin-1]= S x[m]

M=—0o0

discrete-time differentiation of y[n], y[n]-y[n-1]= X[n]:

X
Ck
ynfor— 5%,
l-e N
For k=0 :
Cg =0. 34

17



11. Properties of the Fourier coefficients of the real signals

If X[n] is real then it equals its complex conjugate. So its Fourier
coefficients will equal the Fourier coefficients of its complex
conjugate given by the property number 3.

x[n]eR = x[n|=x"[n]=>cf = (cﬁ) = (ka)

Polar form: |ck| = |C,k| ;Arg{ci} = _Arg{ka}

Cartesian form:
Re{ci} = Re{cfk} ; Im{c; } = Im{cfk}

The even and odd parts of a real signal:

xp[n] o {Refei}} s x[n] o {im{ci }}.

35

Parseval’s Relation
N-1 2 N1
> x[n]| =N lal
=0 k=0

the square of the |2 norm of the considered signal.

-the power of the periodic signal - can be computed in the time
domain or in the frequency domain.

36




Discrete-Time Fourier Transform

=
I
s
ﬁﬁfﬁ
) ,
=S5 ] B
non-periodic signal — periodic signal by repetition: ~ X[N] = 2. X[n-kN]
k=—o0
N —o0, periodic signal — non-periodic one. 37
Definition
x(Q)= 3 x[n]e /™ Discrete-Time Fourier Transform.

n=—a0

x| n] ! X (Q)ef“”dQ . Inverse Discrete-Time Fourier Transform.

75 27

1 2n
CkzﬁX(kQO) :Qozﬁ;

38
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The Fourier expansion of a periodic signal :

its Fourier coefficients are :
an
1

Y &N
C, = — X|Rnlie
* N;;E<N>

H

for the N values of k belonging to an interval which length is N
the periodic signal and the original one are equals. For the rest
of the values of n the original signal equals zero:
i = jkEn
G=— > x[nle N

1
Nn:w

39

1 N

1
Ck:ﬁ Z x[n]e A Ck :EX(kQQ) ,QOZE;

—e0

notation:

the corresponding periodic signal :

= T Lxay)etn- L T x(ro,)emq,
ke<N>N 2“ke<N>

At the limit N —o00 (Q,— 0) :

x[n]z lim i‘[n]ZﬁJ‘zﬂX(Q)efmdQ .

M—ya

40

20



The periodic signal is:

Hn] =1 T X (kOyp)etm0,

2“ke<N>
where: © _
X(Q)= Z x[n]e_fg" ;
H=—a0

For the signal considered :

the function X(Q) :

X(Q)_sin[(ZNIH)—]

Sin—

41

The spectrum of the
original signal is the
envelope X(€).

42

21



X(Q)= > x [n]e Discrete-Time Fourier Transform.

If the signal X[n] belongs to I! then the DTFT is convergent.
Proof.

5 x[n]- e~ In®

N=-—o0

1X(Q) =

<y IX[n] -‘e‘j“Q
N=—co

N=-—00

The values of the DTFT of a signal from I! are finite.

= ] =[],

43

Initial Properties of the Discrete-Time
Fourier Transform

1. The Discrete-Time Fourier Transform of a signal is
continuous.

Proof.
For a little increment, AQ, applying the definition of the
Discrete-Time Fourier Transform, it can be written:

X(Q+AQ)-X(Q)- i x[n]e /¥ (e /A% 1)

H=—00

The absolute value of this difference is bounded.
Sxn]-e I erme | < § |X[n].(|e—jnm|+lj
N=—o0

0:< X (Q+AQ)- X (Q)[<2x[a]| ;

44

22



0<|X(Q+AQ)-X(Q)|<2|x[n]| ;
Taking the limit for AQ—0, we have:

0< lim |X(Q+AQ)-X(Q)<
< Jim [X (@-20)-X (@)«

> . _JAQY e
5n§w‘x[n]‘Agﬁo‘Q : ”—1‘_0,
So:
lim X(Q+AQ)=X(Q).

A0

The Discrete-Time Fourier Transform of a signal is continuous.

45

2. The Discrete-Fourier Transform is periodic with period 2.

Applying the definition:
X(Q+2m)= 3 x[n]e (20"

H=—o0

But:

e—J(Q+2n)n _ e iOn g-j2mn _ g-jon

So:

X(Q+2n)=Xx(Q);

46

23



The Case of Finite Energy Signals

x[w]el2

In this case the Discrete-Time Fourier Transform is defined
using the limit in mean square:

X(Q)=Lim }ZV: x[n]-e’jg".

N—ow N

limit in mean square |.i.m.:

N

. - L —Jn _
A{z_r:’.!m X(Q) nzz_:Nx[n] e 2 0,
47
Examples

1. x[n|=c[n+ Ny|-o[n—N -1];

x[n]
1
it

N,

48

24



x|n]=8|n| ; xX(Q)=Y 8[n]e ™ =" =1.
3. x[n]=a"c[n], |a| <],
Applying the definition:

X(Q)= _f:w a”G[H]efo” = ij;)(aefg);1 = 17:37]9 . |al<1.

Complex function with the absolute value and the argument:

1 asini
X (Q) = . Arg (X (Q) arctg[]_
‘ ‘ 11— 2acosQ + a* ( ) acos{l—1 19
1 asnQ
X(Q)= ; Arg( X (Q) =arctg(—)
R el Gl e Y

T 2z Q
Mgk (Q)=2(Q) _
¢ a<on
1 1 1 | E?
-2 - 0 T 2?2.:

50
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Discrete Time Fourier transform for
periodic signals

X(Q)=2mn i CIS[QI%}

=

51

DTEFT for periodic signals

The DTFT of the unitary magnitude complex exponential -
expressed with the aid of distributions

¢[n] = ¢/*%" , —— X (Q) =218, (Q-Qp)

X,

L N

—I41[ —EI‘JI 0 21 AT
QD—E:II 2, ﬂu+2:lt

52
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Fourier series decomposition of a discrete-time signal :
N1
x[n] = Z e’ Qe .
k=0
for a complex exponential with the frequency kQ,:
e ¢ 218, (Q—kQp)

The DTFT is linear:
N-1

x[n] > an ¢ Oa9, (Q—on).
k=0

53

N-1
x[n] > 21{2 €89, (Q*on)-
k=0
Taking into account the definition of the Dirac’s periodic
distribution:

Nl = I N1 .
X(Q)=2n> ¢ > S[Qkﬁm.ZR}:ZnZ ) S[Q(kerN)?]
=0 m-o k=0 m=—ow

Let I=k+mN , on the basis of the Fourier coefficients periodicity it
can be written, ¢; = ¢;. So the last relation becomes:

X(Q)=2mn i CIS[QI%}

=

54

27



An example

i ] M1 Lt
Sy [n]= 2. 8[n-RV]; Ck:EZSN["]e S
Ft:

k=—oo The Fourier —0

coefficients

X(Q)=2n i CIS[QI%}.

=—o

o

1 2n

55

1
N

The original signal and the corresponding DTFT:

r[nm] r [n] r[n.m J 8[n-2H]
N 0 N T

fph (1]
= LI =
4 S43 42 -4 =4S4 o
Ylala e 2l el B =
cfi-éE‘I:Tclqcl\l
s|SIE|2|2| gl g|lg|
SlElele|lE| 2 22 5
CCC GC:C:C:
|
=BT o O Ao DR EW 47 0l

56
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Discrete-Time Fourier Transform

1. Linearity
ax[n]+by[n] <> aX (Q)+bY(Q).

2. Time-shifting

x[n—ny] > e 1M X (Q).

57

3. Modulation in time

el "x[n] > X (Q-Qy).
4. Time Scaling
X [] € X (k).
5. Signal’s complex conjugation

X [n] e X (-Q).

58
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6. Time reversal

X[-n] > X(-Q).

7. Discrete-time differentiation

X[n]-x[n-1] &> (1-e12) X (Q).

8. Signals convolution

x[n]* y[n] & X(Q)Y(Q).

59

9. Adding in time

3 (ko= L (015, ()

1-e1¢

k=—o0

10. Signals product

x[n]y[n]e(zij x(u)v(g_u)du:ij(g)@;v(g).

I T

2n

11. Differentiation in frequency

_dX(Q)
nx[n] <> jd—Q.

60
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12. Real Signal Discrete-Time Fourier
Transforms’ Properties
X [n]=x[n] = X" (-Q)=X(Q).
xp[n] <> Re{ X (Q)} ; % [n]«> jIm{ X (Q)}.
1X(Q)|=|X(-Q)| ; Arg(X (Q))=-Arg(X(-Q));
Re{ X (Q)} =Re{ X (—Q)} ; Im{X(Q)} =—Im{ X (-Q)}.
13. Parseval’s Relation
x[n]el?, nzw\x[n]f =2_1nzj X(Q)do;

2
1>

(@), =2e

wrlyinel, (X)X (@), =2yl

Energy Spectral Density
S(Q) - square of the absolute value of the Discrete-Time Fourier
Transform. The energy of the considered signal is obtained
integrating it.

=Energy spectral density

W=— j Sy (Q)dQ.  =Energy

62
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Frequency Response of Discrete-
Time Linear Invariant Systems

W] ¥[nl= FAL7)] H) )=
x[n] h[nJ*x[n] HI0E( %)
h[n] © H(Q).

The Discrete-Time Fourier Transform of the impulse response
of an LTI system gives the frequency response of that system.

63

The Response of a Discrete-Time LTI
system to a Periodic Discrete-Time Input
Signal

N-1 N-1
x[n] = Z (,"{',ezjkguM = y[n] = Z ckH(on)ejk%ﬂ;
£=0 =0

Particular example, harmonic input signal:

clrl=oos 20y ) y{n]- Al () cos Oy ©(620) 0]

64
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o L) A ]};
-

&/ _A e

Fourier coefficients: o1 = e

4
2
¥[n]= geJ%H(Qo)e“’Q”” + ge_f%H(—Qo)e_f%”;

#

H(Q)=H (-Q). because  h[n]eR

G e (C Y TR

y[n]:A‘H(Qo)‘cos[QonJr (D(QO)Jr(po}.

The Case of LTI Systems Described
by Linear Finite Difference Equations
with Constant Coefficients

The general form of a linear finite difference equation with
constant coefficients is:

N N
Z aky[nfk]:Zbkx[nfk] ,ag =0,
k=0 k=0

Taking the Discrete-Time Fourier Transform of the both sides it
results:
N k N k
r(Q)Y e /?) =x(Q) X (e ), a0,
k=0 k=0
66
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K k

Y(Q)g)ak(ejﬁ) —X(Q)ébk(ejﬁ) , ag #0.

The frequency response of the system is obtained dividing the
Discrete-Time Fourier transform of the output by the Discrete-
Time Fourier Transform of the input:

()
H(Q):?(?):";’ . say %0
Za(e )
Examples
1) y[n]gy[nl]+iy[n2]—x[n]x[nl] :

Identifying this equation with the general form:

N N
Z aky[nfk]:Zbkx[nfk] ,ag =0,
k=0 k=0

the coefficients g, and b, are obtained. By their substitution in the
general expression of the frequency response:

H(Q)= Y((Q))kngk(e_m) say 70
x(Q) X P
Zak(ef"n) o

34



1 /2

1- ﬁe_jg + le_zjQ
2

H(Q)=

12 . N2 1R
(1‘“1919)9(1—a291")’ with: G2 =" (%)= e

To determine the impulse response, the frequency response must be
decomposed in simple fractions:
A4 1. 2J2-1

H(Q) -

H(Q)=
1- 0'.13_ 1- 0'.23

Applying for each simple fraction the Inverse Discrete-Time

Fourier Transform, the impulse response can be obtained:

h[n]= (Altx{' + Aza'z')c[n] =..= Q{Cm%ﬂn 2Sin%]5[ﬂ].
69

2!!

i) determine the impulse response of the system from the
frequency response:

3

[llejQJ[llejQ]-
2 8

decomposition in simple fractions:

H(Q)-

4 B 1
8

the Inverse Discrete-Time Fourier Transform :

H(Q)=

2

h[n]_[zli_ijc[n].

2" 23!’!

70
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ii1) the impulse response and the unit step response for :
y[n]—ay[n—l] = x[n] ) |a| <1.

Identifying the coefficients and applying the general relation :

H(Q)=ﬁ = h[n]=a"s[n] .

The Discrete-Time Fourier Transform of the unit step signal is:

1
X, (R)= ——+ 520(9),

The Discrete-Time Fourier Transform of the response becomes:

§(Q)=H(Q)X(Q);

71

The Discrete-Time Fourier Transform of the step response :

1 s
S(Q)= (l—aefjQ )(l—e’fQ ) " 1- aa211 (Q)

decomposition in simple fractions :

a 1 1 1
S(Q)=..=- o L 5 +n62n(9)}

l-al—age l-all-e

Inverse Discrete-Time Fourier Transform = the unit step
response of the considered system:

4 a1, 1 oo 1-a"
sfn]= - ——a"o[n]+ ——o[x]~

s[n]

l—-a

72
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First and Second Order Discrete LTI
Systems

the frequency response of a discrete LTI system is a rational
function.

The two polynomials can be factorized. Each factor is a first or a
second order polynomial.

73

ﬁ(”ﬁme 1 Byye sz)M ZP(HMke_jQ)
H(Q)—% =

¢ )
H(l‘i’ﬂ.lke J +(12ke ZJQ)
k=1 k=

N ZQ(l . T]ke_jﬂ)

—

-product in frequency domain = a convolution in time domain =
first order polynomial factor < first order system
second order polynomial factor <> second order system.

-knowing the behaviour in frequency of first and second order
systems we can deduce the behaviour in frequency of any discrete
LTI system.

This is why the first and second order systems are so important.
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f[(ugl,,e R e m)“ ”(Hu,,e—fn)

by k-1
H(Q)=2
g . N 2Q _
E H(lJr(Xlke s + Olgp € ZJQ) (1+1’]k€_"9)
k=1 k=1

For M=N, the decomposition of the frequency response in simple
fractions is:

g -jQ N-20
H(Q):bi+z Yok * Y1k€ N e

-jQ -2jQ - jQ
dy k:11+(1.1k€ J + Xgp€ J k=1 1+1’]k€ J
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First Order Systems

y[n]-ay[n-1]=x[n] , |a|<1. H(Q):ﬁ;
h[n]=a"o[n] . s[n]= IIaZI o[n].
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77

Second Order Systems

the linear finite difference equation - constant coefficients and
two parameters:

y[n]prcosey[nfl]erzy[nf 2]:x[n] ,0<p<l,0<0<m,

The frequency response:
1 1
H(Q)= . — = — —
(€2 1-2pcosBe /4 + ple 24 (1 _pelle £ ) (l _pe Je )

The impulse response:

W)=

jO.n_ jn8 8 n_—jmd nsin(n+1)0
[e p"e e ple ]0[11]_[3 ng o[n] , 0c(0.n).

2 ) sin0
The unit step response:

] o n+l ] _j8 n+l
o 1-(pe®) e 1-(pe )

2jsinQ ]—peje _stine 17pg*fa

s[n]=

o[n] ; 6¢(0.m). .
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Two Particular Cases

1.

0=0.

H(Q)=———— = h[n]=(n+1)p"0[n]
=

s(Q)=--P L L — . ()
PP (1-pei®)” (1-p) 1-pe ™ (1-p) =€ (1-p)

s[n]= L __» n__P_(ns1)p" |ofn].

[n] (1—p)2 (l_p)zp l—p( 1)p" [o[n]

2.

0=rm.
H(Q)=———.
(1+pe_JQ)
h[n]=(n+1)(-p)" o[n]
s[n]=| ——+—L—(=p)" +—L—(n+1)(=p)" |o[n]
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Some Graphical Representations

1y bIn] p=3 $=m2

4.
L .
— =

L] ———
————s
—»

—s
—e
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Frequency Characteristics

1

()= 2 .
\/4p2 0052Q—4p(1+p2)COSGCOSQ+(1—p2) +4p? cos’ 0

2r si — Q
o(Q) = -arcig rsinf(a—rcosQ)

1-2rcosfcosQ +r2cos2Q
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